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Abstract 

We prove some general results about the relation between the 1-cocycles of an 
arbitrary Lie algebroid A over M and the leaves of the Lie algebroid foliation on 
M associated with A. Using these results, we show that a £ (M)-Dirac structure 
L induces on every leaf F of its characteristic foliation a £' 1 (i ? )-Dirac structure Lp, 
which comes from a precontact structure or from a locally conformal presymplectic 
structure on F. In addition, we prove that a Dirac structure L on M x K. can be 
obtained from L and we discuss the relation between the leaves of the characteristic 
foliations of L and L. 
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1 Introduction 

It is well-known the fundamental role that Poisson algebras play in Dirac's theory of 
constrained Hamiltonian systems || . Two natural ways for Poisson algebras to arise from 
a manifold M are through Poisson or presymplectic structures on M. Both structures are 
examples of Dirac structures in the sense of Courant-Weinstein ||, [|. A Dirac structure on 
a manifold M is a vector sub-bundle L of TM@T*M that is maximally isotropic under the 
natural symmetric pairing on TM © T*M and such that the space of sections of L, T(L), 
is closed under the Courant bracket [ , ] on T(TM © T* M) (see Section |2]3|, Example 1). 
If L is a Dirac structure on M, then L is endowed with a Lie algebroid structure over M 
and the leaves of the induced Lie algebroid foliation on M are presymplectic manifolds 
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(see ) . In the particular case when the Dirac structure L comes from a Poisson structure 
II on M, then L is isomorphic to the cotangent Lie algebroid associated with IT and 
is just the symplectic foliation of M (see @). 

An algebraic treatment of Dirac structures was developed by Dorfman in || using the 
notion of a complex over a Lie algebra. This treatment was applied to the study of general 
Hamiltonian structures and their role in integrability. More recently, the properties of 
the Courant bracket [ , ] have been systematized by Liu, Weinstein and Xu |19| in the 
definition of a Courant algebroid structure on a vector bundle E — > M (see also PU|, ESI). 
The natural example of a Courant algebroid is the Whitney sum E = A © A*, where the 
pair (A, A*) is a Lie bialgebroid over M in the sense of Mackenzie-Xu |[22| . 

On the other hand, a Jacobi structure on a manifold M is a local Lie algebra structure, 
in the sense of Kirillov [[TjJ, on the space C°°(M, R) (see f|, |], |1|). Apart from Poisson 
manifolds, interesting examples of Jacobi manifolds are contact and locally conformal 
symplectic manifolds. In fact, a Jacobi structure on M defines a generalized foliation, 
the characteristic foliation of M, whose leaves are contact or locally conformal symplectic 
manifolds || [L5|. Moreover, the 1-jet bundle T*M x R -> M is a Lie algebroid and 
the corresponding Lie algebroid foliation is just the characteristic foliation of M (see 
||14j|). However, for a Jacobi manifold M the vector bundle T*M is not, in general, a Lie 
algebroid and, in addition, if one considers the usual Lie algebroid structure on TM x R 



then the pair (TM x R, T*M x R) is not a Lie bialgebroid (see JT^, [2?j). Thus, it seems 
reasonable to introduce a proper definition of a Dirac structure on the vector bundle 
£\M) = (TM x R) © (T*M x R) (a £ 1 (M)-Diiac structure in our terminology). This job 
was done by A. Wade in |3(|. A £^ 1 (M)-Dirac structure is a vector sub-bundle L of £ 1 (M) 
that is maximally isotropic under the natural symmetric pairing of £ 1 (M) and such that 
the space T(L) is closed under a suitable bracket [ , ] on r(£ 1 (M)) (this bracket may be 
defined using the general algebraic constructions of Dorfman ||). Apart from £ 1 (M)- 
Dirac structures which come from Dirac structures on M or from Jacobi structures on 
M, other interesting examples can be obtained from a homogeneous Poisson structure on 
M, from a 1-form on M (a precontact structure in our terminology) or from a locally 
conformal presymplectic (I.e. p.) structure, that is, a pair (Q, u), where Q is a 2-form on 



M, u is a closed 1-form and dVt = u A Q (see [[30 



If L is a £^ 1 (M)-Dirac structure, [, ] L is the restriction to T(L) x T(L) of the extended 
Courant bracket [ , ] and pi is the restriction to L of the canonical projection p : £ l (M) —>■ 
TM, then the triple (L, [, ] l ,Pl) is a Lie algebroid over M (see p0| ). Using the same 
terminology as in the Jacobi case, the Lie algebroid foliation Tl on M associated with L 
is called the characteristic foliation of L. An important remark is that the section 0l of 
the dual bundle L* defined by </>L(e) = /, for e = (X, /) + (a, g) G T(L), is a 1-cocycle of 
the Lie algebroid (L, [, ] l ,Pl)- Anyway, since £ 1 (M)-Dirac structures are closely related 
with Jacobi structures, it is not very surprising the presence of a Lie algebroid and a 



1-cocycle in the theory (see 11, 12, 13 



Several aspects related with the geometry of £^ 1 (M)-Dirac structures were investigated 
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by Wade in [pO[ . However, the nature of the induced structure on the leaves of the 
characteristic foliation of a £^ 1 (M)-Dirac structure L was not discussed in ||3"0fl . So, the 
aim of our paper is to describe such a nature. In addition, we will show that one may 
obtain, from L, a Dirac structure L on M x R in the sense of Courant-Weinstein and we 
will discuss the relation between the induced structures on the leaves of the characteristic 
foliations of L and L. For the above purposes, we will prove some general results about 
the relation between the 1-cocycles of an arbitrary Lie algebroid A over M and the leaves 
of the Lie algebroid foliation on M associated with A. In our opinion, these last results 
could be of independent interest. 

The paper is organized as follows. In Section 2, we recall several definitions and results 
about £^ 1 (M)-Dirac structures which will be used in the sequel. We also present some 
examples that were obtained in PP[ . In Section 3, we prove that if (A, [, ],p) is a Lie 
algebroid over M, is a 1-cocycle of A and F is a leaf of the Lie algebroid foliation 
Ta on M then S F = or S F = F, where S F is the subset of F defined by S F = 
{x G F j her {p\A x ) 4>{ x ) >°} ( see Theorem |3.2| ). Here, A x is the fiber of A over x and 
< >° is the annihilator of the subspace of A* x generated by 4>(x). On the other hand, 
the Lie algebroid structure ([, and the 1-cocycle induce a Lie algebroid structure 
([ , Y*, P*) on the vector bundle A = AxR — > MxR (see Q). Then, if F and F are the 
leaves of the Lie algebroid foliations Ta an d Ta passing through x G M and (x ,t ) G 
M x R, we obtain, in the two possible cases (S F = or S F = F), the relation between F 
and F (see Theorem |3.3j ). Now, assume that L is a £ 1 (M)-Dirac structure and that F is 
a leaf of the characteristic foliation T F . Then, in Section 4, we prove that L induces, in a 
natural way, a £ 1 (F)-Dirac structure L F and, moreover (using the results of Section 3), 
we describe the nature of L F . In fact, we obtain that in the case when S F L = 0, Lp comes 
from a precontact structure on F and in the case when S F L = F, Lp comes from a I.e. p. 
structure on F (see Theorem [4.2|) . Using this Theorem, we directly deduce the results of 
Courant about the leaves of the characteristic foliation of a Dirac structure and the 
results of Kirillov |15| and Guedira-Lichnerowicz about the leaves of the characteristic 
foliation of a Jacobi structure. We also apply the theorem to the particular case when 
L comes from a homogeneous Poisson structure and some interesting consequences are 
derived. Finally, in Section 5, we prove that a Dirac structure LonMxM can be obtained 
from a £ 1 (M)-Dirac structure L in such a way that the Lie algebroid associated with L 
is isomorphic to the Lie algebroid over MxR, (L = L x R, [ , ] I f L , f>t L )- Thus, if (xq, to) 
is a point of M x R, one may consider the leaves F and F of the characteristic foliations 
of L and L passing through x and (xo,t ). Then, using the results of Section 3, we 
obtain the relation between F and F and, in addition, we describe the presymplectic 
2-form on F in terms of the precontact structure on F, when S F L = 0, or in terms of the 
I.e. p. structure on F, when S F L = F (see Theorem |5]^). As an application, we directly 
deduce some results of Guedira-Lichnerowicz about the relation between the leaves of 
the characteristic foliation of a Jacobi structure on M and the leaves of the symplectic 
foliation of the Poisson structure on M x R induced by the Jacobi structure. 
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2 S 1 (M)-~Dirac structures 



All the manifolds considered in this paper are assumed to be connected and of class C°°. 
Moreover, if M is a differentiable manifold, we will denote by S 1 (M) the vector bundle 
(TM x E) © (T*M xt)->M. Note that the space of global sections V(S l (M)) of £ X (M) 
can be identified with the direct sum (x(M) x C°°(M,R)) © (fi^M) x C°°(M,R)). 



2.1 Definition and characterization of £' 1 (M)-Dirac structures 

Along this Section, we will recall the definition of a £ 1 (M)-Dirac structure, which was 
introduced by A. Wade in PD[. We will also give several results related to this notion. 

The natural symmetric and skew-symmetric pairings < , > + and < , >_ on V © V*, V 
being a real vector space of finite dimension, can be extended, in a natural way, to the 
Whitney sum A © A*, where A — > M is a real vector bundle over a manifold M. We also 
denote by < , > + and < , >_ the resultant pairings on T(A © A*) = F(A) © T(A*). In 
the particular case when A = TM x K, the explicit expressions of < , > + and < , >_ on 
T(£\M)) are 



< (X1J1) + (a u gi), (X 2 ,f 2 ) + (a 2 ,g 2 ) >+= \(^x 2 ol x + fegi + «Xi«2 + f\9i 

< (X1J1) + (ai,<7i), (X2J2) + (a 2 ,g 2 ) >-= \{ix 2 ^i + fm - - fi92, 



(2.1) 



for (Xi, fi) + (ttj, gi) G T(S 1 (M)), i G {1,2}. One may also consider the homomorphism 
of C°°(M, M)-modules p : T(£\M)) -> x(M) defined by 

p((A,/) + (a,( ? )) = X (2.2) 

On the other hand, in |30| A. Wade introduced a suitable IR-bilinear bracket [ , ] : 
r{£\M)) x r(^ x (M)) -> r(^ x (M)) on the space T^^M)). This approach is based 
on an idea that can be found in |J , where the author generalizes the Courant bracket on 
T{TM © T*M) to the case of complexes over Lie algebras. The bracket [ , ] is given by 



[(X 1 ,f 1 ) + (a 1 ,g 1 ),(X 2 ,f 2 ) + (a 2 ,g 2 )} = ([X x , X 2 ], X x {f 2 ) - X 2 {h 

+ (£xi«2 - C-X2 a i + \d(ix 2 ®i - ix x a 2 ) ^ ^ 

+/1CK2- f 2 on + \{g 2 df 1 - g x df 2 - f x dg 2 + f 2 dgi), 
Xi(g 2 ) - X 2 {gx) + \{ix 2 ai - ix 1 a 2 - f 2 g% + hg 2 ) 



for {Xi, fi) + (cti,gi) G T(S l (M)), i G {1,2}, where [ , ] is the usual Lie bracket of vector 
fields and £ is the Lie derivative operator on M. This bracket is skew-symmetric and, 
moreover, we have that 

[ei, / e 2 ] = f[ ei , e 2 ] + p{e 1 ){f)e 2 - <e 1: e 2 > + ((0, 0) + (df, 0)), (2.4) 
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for ei,e 2 G T(S 1 (M)) and / G C°°(M,R). We note that [ , ] is not, in general, a Lie 
bracket, since the Jacobi identity does not hold (see P0fl ). 

Now, let L be a vector sub-bundle of £ (M) which is isotropic under the symmetric pairing 
< , >+. We may consider the map T L : T(L) x Y(L) x Y{L) -> C°°(M,M) given by 

T L {ei, e 2 , e 3 ) =< [e x , e 2 ], e 3 >+, for d, e 2 , e 3 G T(L). (2.5) 



If &i = (Xi, fi) + (ai, gi) with i G {1, 2, 3} then, using fl2~7i|) , (|2~3] ), ( ^B]) and the fact that 
< e», ej >+= 0, for i, j G {1, 2, 3}, we deduce that 

T L (ei, e 2 , e 3 ) = - (*[Xi,x 2 ]« 3 + gz{Xi{f 2 ) - X 2 {h)) 

(2.6) 

+X 3 (i X2 «i + / 2 5-i) + f 3 (ix 2 ai + hgi))- 

Thus, from 0, (U) and ( ^6|) , it follows that T L is a skew-symmetric C°°(M,R)- 
trilinear map, that is, Ti G T(A 3 L*). Furthermore, using Proposition 3.3 in |30| , we 
obtain that 

[[ei,e 2 ],e 3 ] + [[e 2 ,e 3 ],ei] + [[e 3 ,e 1 ],e 2 ] = (0,0) + {dT L (e 1 ,e 2 ,e 3 ),T L (e 1 ,e 2 ,e 3 )), (2.7) 
for ei,e 2 ,e 3 G T(L). 

Definition 2.1 j^/ t4 S 1 (M)-Dirac structure on M is a sub-bundle L of S 1 (M) which 
is maximally isotropic under the symmetric pairing < , > + and such that T(L) is closed 
under [ , ] . 

It is clear that if L is a £ 1 (M)-Dirac structure on M then the section Ti G T(A 3 L*) 
vanishes. In fact, we have the following result. 

Proposition 2.2 %3(\] Let L be a sub-bundle ofS l (M) which is maximally isotropic under 
the symmetric pairing <, > + . Then, L is a S 1 (M)-Dirac structure if and only if the 
section T L G T(A 3 L*) given by j\2.3j ) vanishes. 



From Q2.7|) and Proposition \Z.2[ we conclude that the restriction of [ , ] to T(L) satisfies 
the Jacobi identity. 



2.2 Lie algebroids and the characteristic foliation of a S 1 (M)- 
Dirac structure 

A Lie algebroid A over a manifold M is a vector bundle A over M together with a Lie 
algebra structure [, ] on the space T(A) and a bundle map p : A — > TM, called the 
anchor map, such that if we also denote by p : Y(A) — > x(M) the homomorphism of 
C°°(M, R)-modules induced by the anchor map then: 
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i) p : (T(A), [,])—> (£(M), [, ]) is a Lie algebra homomorphism and 
n) for all / G C°°(M, R) and for all X,Y eT(A), one has 

[x,/r] = /[x,r] + ( P (x)(/))r. 



The triple (A, [, ],p) is called a Lie algebroid over M (see pl|). 

Let (A, [, ],p) be a Lie algebroid over M. We consider the generalized distribution Ta 
on M whose characteristic space at a point x G M is given by 

^ A (z) = p(A„), (2.8) 

where A x is the fiber of A over x. Since T(A) is a finitely generated C°°(M, R)-module 
(see pi), the distribution Ta is also finitely generated. Moreover, it is clear that it is 
involutive. Thus, Ta defines a generalized foliation on M in the sense of Sussman |26| . 
Ta is the Lie algebroid foliation on M associated with A. 

Remark 2.3 If F is the leaf of Ta passing through x G M, dimF = r and y G M then 
y G .F if and only if there exists a continuous piecewise smooth path 7 : / — > M from x 



to y, which is tangent to Ta and such that dim TA(a(t)) = for alH G / (see JL6 



If (A, [,],/>) is a Lie algebroid over M, one can introduce the Lie algebroid cohomology 
complex with trivial coefficients (for the explicit definition of this complex we remit to 
f2~T|j). The space of 1-cochains is T(A*), where A* is the dual bundle to A, and a 1-cochain 
(f) G T(A*) is a 1-cocycle if and only if <f>\X,Y\ = p{X){<f)(Y)) - p(F)(0(X)), for all 
X,F G T(A). 

Now, suppose that M is a different iable manifold, that [ , ] is the bracket on T(S 1 (M)) 
given by Q) and that p : T(£ 1 (M)) -> X(M) is the homomorphism of C°°(M, R)- 
modules defined by ( |2.2| ). Assume also that L is a £^ 1 (M)-Dirac structure and that 
Pl (respectively, [, ] L ) is the restriction of p (respectively, [, ]) to T(L) (respectively, 
r(L) x r(L)). Then, it is clear that the triple (L, [, ] l ,Pl) is a Lie algebroid over M 
(see ^| and Section pTT]) . Thus, one can consider the Lie algebroid foliation Tl on M 



associated with L. Tl is called the characteristic foliation of the S 1 (M)-Dirac structure. 
On the other hand, we may introduce a section 0£ of the dual bundle L* as follows: 

<j> L {e) = f, for e = (X,f) + (a,g) G T(L). (2.9) 

A direct computation, using fl2.2|) , ( |2.3|) and (|2.9| ), proves that 4>l is a 1-cocycle. 



2.3 Examples of 5 1 (M)-Dirac structures 

Next, we will present some examples of £ 1 (M)-Dirac structures which were obtained in 
f30|j . In addition, we will describe the Lie algebroids, the characteristic foliations and the 
1-cocycles associated with these structures. 
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1.- Dirac structures 

Let L be a vector sub-bundle of TM © T*M and consider the vector sub-bundle L of 
S l (M) whose sections are 

T(L) = {(X, 0) + (a, f)/X + ae F(L), f G C°°(M, R)}. (2.10) 

Then, L is a Dirac structure on M in the sense of Courant-Weinstein |2], if and only if L 
is a f 1 (M)-Dirac structure (see p0|). We recall that a vector sub-bundle L of TM®T*M 
is a Dirac structure on M if L is maximally isotropic under the natural symmetric pairing 
< , > + on TM © T*M and, in addition, the space of sections of L, T(L), is closed under 
the Courant bracket [ , ] which is defined by 

[X x + a x ,X 2 + a 2 ] = [Xi,X 2 ] + (£xiQ!2-^X2«i + 5^(1x301-1x102)), ( 2 - n ) 
for Xt + aijXa + aa GX(M)©fi 1 (M) = T(TM © T*M). 

If L C TM ®T* M is a Dirac structure on M then the triple (L, [ , ]^, p^) is a Lie algebroid 
over M, where [ , ]i is the restriction to T(L) x T(L) of the Courant bracket given by (|2.11|) 
and pi is the restriction to T(L) of the map p : T(TM © T*M) -> x(M) defined by 

p(X + a) = X, (2.12) 

for all X + cc G T(TM © T*M) (see 0). The characteristic foliation associated with L is 
the Lie algebroid foliation JF^. It is clear that Ti(x) = ^l(x), for all x G M. In addition, 
from ( |2.9|) and ( 2.10 ), it follows that the 1-cocycle <$l identically vanishes. 



2.- Locally conformal presymplectic structures 

A locally conformal presymplectic (I.e. p.) structure on a manifold M is a pair (Q,uj), 
where Q is a 2-form on M, u is a closed 1-form and dQ = uo A Q. If (f2,c<j) is a I.e. p. 
structure on M, one may define the vector sub-bundle Lm^ of £ X (M) whose sections are 

r(L ( ^ } ) = {(X, -i x w) + (i x Q + fu, f)/(X, /) G X(M) x C°°(M, R)}. (2.13) 

It is clear that the vector bundles L(n,o;) and TM x M are isomorphic. In addition, L(ci )UJ ) 
is a £ 1 (M)-Dirac structure ||30|| . Note that if uj = then is a presymplectic form on 
M. Furthermore, if (fi, u;) is a I.e. p. structure on a manifold M of even dimension and 
Q is a nondegenerate 2-form then (fl, uj) is a locally conformal symplectic structure (see 

Let (f2, u;) be a I.e. p. structure on a manifold M and Liq,^ be the associated £^ 1 (M)- 
Dirac structure. Then, using fl2.2|) , ( |2.3|) and ( |2.13|) , we deduce that the Lie algebroids 



(L(n,u>), [, ] L{n ^ Pl { ^)) and {TMxR,{, ](n&), P(n,u,)) are isomorphic, where [, ] (n ^,) and 
P( njW ) are given by 

[(X, /), (F, fl )] (0iU) = ([X, Y], n(X, Y) + (X(g) - gco(X)) - (F(/) - fu(Y))), 
P(n,w)(X, f) = X, 
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for (A, /), (Y, g) G X(M) x C°°(M, E). We remark that the map V : X(M) x C°°(M, R) 
C°°(M, R) defined by V x / = X(f)-fu(X), for X G X(M) and / G C°°(M, R), induces a 
representation of the Lie algebroid (TM, [ , ], Id) on the trivial vector bundle M x R — > M 
and that fHs a 2-cocycle of (TM, [ , ] , Ti) with respect to this representation. In addition, 
the Lie algebroid (TM x R, [ , }(n,uj), P(n,^)) is the extension of (TM, [ , ], !<f) via V and Q 
(for the definition of the extension of a Lie algebroid A with respect to a 2-cocycle and 



a representation of A on a vector bundle, see |2T[). On the other hand, it is clear that 
Ji (n (i) = T X M, for all x G M, and that, under the isomorphism between and 
TM x R, the 1-cocycle L is the pair (-u,0) G ^(M) x C°°(M,R) = T(T*M x R) 
(see (P|) and Q2TT3D). 

3.- Precontact structures 

A precontact structure on a manifold M is a 1-form 77 on M. A precontact structure 77 on 
M induces a £^ 1 (M)-Dirac structure L v . More precisely, suppose that $ is a 2-form on 
M, that T) is a 1-form and consider the vector sub-bundle L of £ l (M) whose sections are 

T(L) = {(A, /) + (z x $ + / 77, -i x ri)/(X, f) G x(M) x C°°(M, R)}. (2.14) 

The vector bundles L and TMxR are isomorphic. Moreover, L is a £^ 1 (M)-Dirac structure 
if and only if $ = dt] (see |30|]). Thus, 

r(L„) = {(A, /) + [ixd-q + f V , -ixv)/{X, f ) G X(M) x C°°(M, R)}. (2.15) 

Note that a precontact structure 77 on a manifold M of odd dimension 2n + 1 such that 



r/ A (fiT/ 1 )" is a volume form is a contact structure (see || [Ll| 0). 

Let 7/ be a precontact structure on a manifold M and be the associated £ 1 (M)-Dirac 
structure. Then, the Lie algebroids (L^, [ , ] L , p Lr] ) and (TM x R, [ , ], ir) are isomorphic, 
where 7r : TM xl^ TM is the canonical projection over the first factor and [ , ] is the 
usual Lie bracket on T(TM x R) S x(M) x C°°(M, R) given by 

[(A,/),(r,^)] = ([A,F],A(^)-r(/)), 

for (A, /), (Y,g) G X(M) x C°°(M,R). We also have that T Ln {x) = 7' .U. for all x G M. 
Moreover, under the isomorphism between L v and TM x R, the 1-cocycle 0^ is the pair 
(0, 1) G n\M) x C°°(M,R) = r(T*M x R) (see (p|) and (pT5Q ). 

4.- Jacobi structures 

A Jacobi structure on a manifold M is a pair (A,Tv), where A is a 2- vector and Tv is a 
vector field, such that [A, A] = 2E A A and [E, A] = 0, [, ] being the Schouten-Nijenhuis 
bracket. If the vector field E identically vanishes then (M, A) is a Poisson manifold. 
Jacobi and Poisson manifolds were introduced by Lichnerowicz ]17|, |18[ (see also |], £|, ||, 



Now, given a 2- vector A and a vector field E on a manifold M, we can consider the vector 
sub-bundle T(a,s) of ^(M) whose sections are 

r(L (A)E) ) = {(# A (a) +fE, -i E a) + (a, f)/(a, f) G fi : (M) x C°°(M, R)}, (2.16) 
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where #a : ^(M) — > x(M) is the homomorphism of C°°(M, R)-modules defined by 
/?(# A (a)) = A(a,/3), for a, f3 G ^(M). Note that the vector bundles L (AjB) and T*M x R 
are isomorphic. Moreover, we have that Ln^ m is a £ 1 (M)-Dirac structure if and only if 
(A,E) is a Jacobi structure (see p0| ). 

If (A, E) is a Jacobi structure on a manifold M and Li\ tE ) is the associated £ 1 (M)-Dirac 
structure then the Lie algebroids (L {AiE) ,[, ] L , Pl (A>e) ) and (T*MxR, [, ](a,js), #(A,s)) 
are isomorphic, where [, ](a,js) an d #(a,b) are defined by 

[(a, /), (A 5 , )1(a,£) = (C# A ( a )(3-C# A (p)a-d(A(a, (3)) + j '£ E f3-g£ E a-i E (a A 

m<*)+#A(<*M-#A(P)(f)+fE(s)-gE(f)), 



#(A, E )(«,J) = # A (a) + /S, 

for (a,f),((3,g) G O x (M) x C°°(M,R) = T(T*M x R) (see ||). The Lie algebroid 
structure ([ , ](a,b), #(a,e)) on x R was introduced in jTJJ]. In this case, the characte- 
ristic foliation of the £ 1 (M)-Dirac structure Lr\ >E ) is just the characteristic foliation on 
M associated with the Jacobi structure (A,E) (see [|, [T5|| ) . In addition, under the 
isomorphism between £(a,e) an d T*M x R, the 1-cocycle 0l (AE) is the pair (— E, 0) G 
X(M) x C°°(M,R) S T(TM x R) (see O and (pA6|)). 

5.- Homogeneous Poisson structures 

A homogeneous Poisson manifold (M, II, Z) is a Poisson manifold (M, II) with a vector 
field Z such that [Z, IT] = —IT (see Q). Given a 2- vector II and a vector field Z on a 
manifold M, we can define the vector sub-bundle Lmz) of S 1 (M) whose sections are 

r(L (n> x)) = {(#n(«) ~fZ,f) + (a, i z a)/{a, f) G Q\M) x C°°(M, R)}. (2.17) 

The vector bundles Lmz) an d T*M x R are isomorphic. Furthermore, (M, II, Z) is a 
homogeneous Poisson manifold if and only if £(n,z) is a £ 1 (M)-Dirac structure (see [pOj ). 

Let (M, II, Z) be a homogeneous Poisson manifold and Lmz) be the associated E X {M)- 
Dirac structure. Then, from (|2.2j), ( |2.3| ) and (|2.17|) , it follows that the Lie algebroids 
( L (n,z), [, ] L(n ^PL { u,z)) and ( T * M x M > b l(u,z), #(n,z)) are isomorphic, where [, ] (n>z) 
and #(n,z) are defined by 

[(«, /), (/?, 0)](n,z) = (£ #n ( a )^-£ #n (/3)a-d(n(a, (3))- f(£ z /3 - (3) + #(£z« - a), 

#(n,z)(a,/) = # n (a)-/Z, 

for (a,f),(J3,g) G ft x (M) x C°°(M,R) ^ T(T*M x R). Furthermore, it is clear that 
•7"L, n z) (x) = #n(^ M)+ < Z(x) >, for all x G M. In other words, if Tj\ is the symplectic 
foliation of the Poisson manifold (M, II) then 

T L{nz) {x) = F n (x)+ < Z(x) >, for all x G M. (2.19) 



9 



In addition, under the isomorphism between £(n,z) an d T*M x E, the 1-cocycle 0^ (n „ is 
the pair (0, 1) G X(M) x C°°(M, E) S T(TM x R) (see Q and (£170) ■ 

On the other hand, we may consider the Lie algebroid structure ([ , ]n, #n) on the vector 
bundle T*M — > M induced by the Poisson structure II and the Lie algebroid structure 
([ > \zi Pz) on the vector bundle M x R — > M induced by the vector field Z. The explicit 
definitions of [, ]n, [, \z and are 

[a, (3j n = C# n ( a )f3 - £# u (f3) a ~ d(U(a, /?)), 
[/,</]* = </Z(/) -/£(,/), pz(f) = -fZ, 

for a, /3 G Q\M) and /, <7 G C°°{M, R). Then, using (|2~T8l) , we conclude that (T*M, [ , ] n , 
#n) and (M x R, [, \ z , Pz ) are Lie subalgebroids of (T*M x R, [, ] (n , z) , #(n,z))- This 
implies that (T*M, [ , ] n , #n) and (M x R, [ , ] z , p z ) form a matched pair of Lie algebroids 
in the sense of Mokri p3| . 



In Section f|, we will prove that if F is a leaf of the characteristic foliation of a £ 1 (M)- 
Dirac structure L then L induces a £ 1 (F)-Dirac structure and, in addition, we will 
describe the nature of Lp. First, in the next Section, we will show two general results 
about the relation between the 1-cocycles of an arbitrary Lie algebroid A and the leaves 
of the Lie algebroid foliation Ta- 



3 1-cocycles of a Lie algebroid and the leaves of the 
Lie algebroid foliation 

Let (A, {, },p) be a Lie algebroid over M, <p e T(A*) be a 1-cocycle and n 1 : M x R — > M 
be the canonical projection onto the first factor. We consider the map • : T(A) xC°°(MxR, 
R) ^C°°(M x R, R) given by 

x ■ J = p{x){j) + <p{x) d -l. 

It is easy to prove that • is an action of A on M x R in the sense of (K| (see Definition 2.3 
in [|l(J])- Thus, if w^A is the pull-back of A over 7Ti then the vector bundle it^A — > M x R 
admits a Lie algebroid structure ([, ]~*,p*) (see Theorem 2.4 in JT0|)- For the sake of 
simplicity, when the 1-cocycle is zero, we will denote by ([, ]~, p) the resultant Lie 
algebroid structure on ir\A — ► M x R. On the other hand, it is clear that the vector 
bundles ir\A — > M x R and A = 4xK-*MxK are isomorphic and that the space of 
sections T(A) of A — > M x R can be identified with the set of time-dependent sections 
of A — > M. Under this identification, we have that [X,y] - (a;, t) = [X t ,Y"J(x) and that 
p(X)(x,t) = p(X t )(x), for X,Y e T(A) and (x,t) G M x E (see @). In addition, 

r)y - BX - - -8 

[X, Yt* = [X, Y]-+ <P{X)°— - 0(F) — , p>{Z) = p(X) + 0(X)-, (3.1) 
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where -7^- G T(A) denotes the derivative of X with respect to the time. 

Now, if Ta is the Lie algebroid foliation of (A, {, ]~^,p^) then, from ( |3.1| ), it follows that 

T A (x,t) = {p(e x ) +(j>{x){e x )^ G T {x>t) (M xR)/e x e A x }, (3.2) 

for all (x,t) G M x R. Moreover, a direct computation shows that, 

dimJ r A(x) < dim TA{x,t) — dimTA^x) + 1, (3.3) 

dim TA(x,t) = dimJ^A^x) ker (p\a x ) ^< 4>( x ) >°> (3-4) 

where Ta is the Lie algebroid foliation of A and < <j)(x) >° is the annihilator of the 
subspace of A* x generated by 4>(x), that is, 

< <f>(x) >°= {e x G A x / <f){x){e x ) = 0}. 

Remark 3.1 Note that the vector field | on M x 1 is an infinitesimal automorphism 
of the foliation Ta- Therefore, if (x, to) and (x, t' Q ) are points of M x R and F, F" are the 
leaves of JF4 passing through (x, t ) and (x, t ), then the map (y, s) 1— > (y, s + (t — ^0)) is 
a diffeomorphism from F to F'. 

Next, we will discuss some relations between the leaves of Ta and the 1-cocycle and 
between the leaves of Ta and Ta- More precisely, the aim of this Section is to prove the 
following two results. 

Theorem 3.2 Let (A, [,],/?) be a Lie algebroid and G T(A*) be a 1-cocycle. If F is a 
leaf of the Lie algebroid foliation Ta and S F is the subset of F defined by 

Si = {xe F/ker(p ]Ax ) C< <j>{x) > }, 

then Sp = or S F = F. Furthermore, in the second case (S F = F), the 1-cocycle 
induces a closed 1-forra uj f on F which is characterized by the condition 

u F (p(e)\ F ) = -(f>(e)\ F , for all e G T(A). (3.5) 

Theorem 3.3 Let (A, [, ],p) be a Lie algebroid, G V(A*) be a 1-cocycle and consider 
on the vector bundle A = A xM. — >MxR the Lie algebroid structure ([ , ] _< ^, p^) given by 
\ ). Suppose that (xq, to) G M x R and that F and F are the leaves of the Lie algebroid 
foliations Ta and Ta passing through Xq G M and (xo,t ) G M x R ; respectively. Then: 

i) If ker (p\A x ) $?< 4>( x o) >° (° r , equivalently, S F = ®) we have that F = F x R. 

ii) If ker (p\A x ) ^< 0(^o) >° ( or , equivalently, S F = F) and 7Ti : M x R — > M zs t/ie 
canonical projection onto the first factor, we have that iti(F) = F and that the map tti\ f : 
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F is a covering map. In addition, if up is the closed 1-form on F characterized by 



the condition (\3.o]) and ip : F — > M xl is the canonical inclusion then F is diffeomorphic 



to a Galois covering of F associated with uop and 

(*np)*{u> F ) = -d((h)*(t)). 

In order to prove the above results, we will use the following three lemmas. 

Lemma 3.4 i) If F is a leaf of the Lie algebroid foliation and S F is the subset of F 
defined by 

S F = {(x,t) G F/ker(p lAx ) C< 0(x) >°}, 
then S F is an open subset of F. 

ii) If F is a leaf of the Lie algebroid foliation Ta then S F is an open subset of F. 

Proof: i) Assume that dim F = r and let (xo, t ) be a point of Sp. We will show that there 
exists a connected open subset W( XQtto ) °f F such that (x Q ,t ) G W( XQtto ) and W( xo ,t ) ^ Sp 
or, equivalently (see (|3.4|)), 

dimTA{x) = dim J-'a( x ^) = r ; f° r all i x it) £ Wt xo>to )- (3.6) 

Note that 

dim T^(x,t) = r, for all (x, t) G F. (3.7) 

Therefore, we can choose a global generator system {e\, . . . , e m } of T(A) in such a way 
that the set of vectors {p(ej(xo)) + 4>(xo)(ei(xo))-§i\ to }i<i<r are a basis of the vector space 

Ta{xo^o)- Then, using that (xo,to) G Sp, we deduce that the vectors {p(ej(xo))}i<i< r 
are linearly independent in T Xo M. This implies that dim Ta{xq) > r and, since the rank 
of a differentiable generalized distribution is a lower semicontinuous function (see [p8|), 
there exists an open subset V XQ of M, xo G V^' , such that 

dimJ r A{.%) > dim Ta(xo) > for all x G V^ . (3.8) 

Thus, if W( XO)to ) is the connected component of the point (xo,to) m the open subset (of 
F) F n (Vj x R) then, from Q and Q), it follows that Q holds. 

Let x be a point of S$. We will prove that there exists an open neighbourhood V xo 
of Xo in F which is contained in S F . 

Suppose that t G R, that F is the leaf of Ta passing through (xo,to) and that the 
dimension of F is r. Then, the point (x , to) £ Sp and thus there exists a connected open 
subset H^(x ,to) °f ^ sucn that (x ,to) G W^> A)) ano ^ ( EH ) holds. 

Now, if 7i"i : M x R — ► M is the canonical projection onto the first factor, ( |3.2| ), ( |3.6| ) 
and Remark ^]3| imply that ^i{W{ X0 ,t )) C F and that 7Ti : W^xo.to) — > F is a local 
diffeomorphism. Therefore, V^ = Tti(W( Xo ,t )) is an open subset of F, xo G V^ and it is 
clear that V xo C S$ (see Q and (POP). Iqsol 
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Lemma 3.5 If F is a leaf of the Lie algebroid foliation Ta then S F is a closed subset of 
F. 



Proof: We must prove that F — S F is an open subset of F. 
Let Xq be a point of F — S F . 

Assume that {s 1; . . . , s n } is a local basis of T(A) in an open neighbourhood of Xq in M. 
If the dimension of F is r we can suppose, without loss of the generality, that the vectors 
{p(si(xo))}i<i< r are linearly independent in T Xo M. Then, there exists an open subset U' x 
of M, xq G U' Xq , such that for every x G U' x the set of vectors {p(si(x))}i<i< r are linearly 
independent in T X M. Thus, this set is a basis of T X F, for all x G U Xo = U' Xo fl F. This 
implies that 

r 

p(Sr+k)\U X0 =J29kP( S i)\U X0 , 
i=l 

for all k G {1, . . . , n — r}, with g\ G C°°(U XQ , M). Therefore, if A; G {1, . . . , n — r} and 
e r+ k ■ U Xo — > A is the map defined by 

r 

e r+k (x) = s r+k (x) -J29l(x)si(x), for all x G U xo , 

i=l 

we deduce that the set {e r+ k(x)}i<k< n -r is a basis of the vector space ker(p\A x ), for all 
x G U Xo . Consequently, since xq G F — S F , it follows that 4>(xo)(e r+ k (x )) ^ 0, for 
some ko G {1, . . . ,n — r}. Hence, we conclude that there exists an open subset V Xo of 
F, xq G V xq C U xo , such that (f>(x)(e r+ k ( x )) 0> f° r an x e ^4o- Then, it is clear that 

Lemma 3.6 If F is a leaf of the Lie algebroid foliation and S„ is the subset of F 
defined by 

S F = {(x,t) G F/ker(p lAx ) C< <j>{x) >°}, 
then S F is a closed subset of F. 

Proof: Assume that the dimension of F is r. We will prove that F — St is an open subset 
of F. 

Let (x ,t ) be a point of F — S„ and suppose that F is the leaf of Ta passing through 
Xq. We have that x G F — S F . Thus, using Lemmas [T4] and and the fact that F is 
connected, we deduce that 

S F = 0. (3.9) 
Therefore, from (33) and ( |3.9| ), it follows that 
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•Fjfz, t) = ^(a;)© < >> f o r ah (x, t) G F x E. 



13 



Consequently, F x R is a connected integral submanifold of J- a and its dimension is r. 
This implies that F x R is an open subset of F. Finally, from ( |3.9[ ), we conclude that 
FxlCF-4 MM 



Proof of Theorem \3.Q: Using Lemmas |3.4j and |3.5| and the fact that F is connected it 



follows that Sp 



or S F = F. 



Now, if Sp = F we may introduce a 1-form ujp on F given by 

Up(x)(p(e x )) = -(f)(x)(e x ), 

for all x G F and e x G Note that the condition 

fcer (p|aJ ^< >°, for all x G F, 

implies that up(x) : T X F — > R is well defined. Moreover, it is clear that up satisfies (|3.5|) 
and, since is a 1-cocycle, we deduce that ojf is closed. \qed\ 

Proof of Theorem \3. i) If ker (p\A XQ ) 4>{xo) >° then (x ,t ) G F — Sp and thus, 
using Lemmas |3]4] and [T6] and the fact that F is connected, we obtain that 

S$ = 0. (3.10) 

Now, proceeding as in the proof of Lemma p.6| , we deduce that F x R is an open subset 
of F. On the other hand, from ([Of), (gj) and (glSP , it follows that 

dimJ r A(x) = dim ^(x, t) — 1 = dimF — 1, for all (x, t) G F. 

Using this fact, ( |3.2|) and Remark |2.3| , we have that 7ri(F) C F. Therefore, we have 
proved that F = F x R. 

Assume that ker (p\A x ) ^< 0(^o) >°- Then, (xo,t ) G S F which implies that F = S F , 
that is, 

dimJ-A(x) = dimJ-A(x,t) = dimF, for all (x,t) G F. (3-H) 

Using ( ft. 2D , ( ft. 11|) and Remark |2~3| , we obtain that tti(F) C F and that TTiip : F — > F is 
a local diffeomorphism. Consequently, 7Ti(F) is an open subset of F. 

In addition, from (|3.2|) and (ft.5|) , it follows that 



-d{{ip)*t). 



(3.12) 



Next, we will show that vri(F) is a closed subset of F and that 7rn^ : F — > F is a covering 
map. 

Let x be a point of F. Since o;.f is a closed 1-form, there exists a connected open subset 
U in F and a real C°°-differentiable function fp on U such that x G U and 



u;jr = cZ/f on U. 



(3.13) 
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Then, using (|3.2|) , (|3.5| ), ( |3.13|) , Remark |2l| and the fact that tti(F) C F, we deduce the 
following result 



(y,s)e(n llP )-^U) = ^\U)nF =► 

{(z, s + / F (y) - f F (z)) G M x R/z G U} C F. 

Thus, if x G F — 7ri(F), we have that {7 C F — tti(F). This proves that 7Ti(F) is a closed 
subset of F which implies that tti(F) = F. 

Now, suppose that (x, t) is a point of F and let !7 be a connected open subset of F and 
f F be a real C°°-differentiable on F such that x & U and (|3.13| ) holds. If Ct y>a \ is the 



connected component of a point (y, s) G then, using ( |3.12| ) and ( |3.13| ), it 

follows that the function {ni\ F )*(f F ) + (i F )*t is constant on C( y>s y Therefore, from ( |3.14|) , 
we obtain that 

C M = {(z,s + f F (y) - f F (z)) eMxR/zeU}. 

Consequently, the map ^i\c\ y s) '■ C(i/,s) — > U is a diffeomorphism. This proves that 7Ti|_p : 
F — > F is a covering map. 

Finally, let be the covering of F associated with uo F , that is, E is the sheaf of germs of 
C°° functions g F on F such that dg F = u F (see Section 2 of Chapter XIV in 0). Denote 
by (f F )[ XQ \ the germ of f F at x , where is a C 00 function on a connected open subset C/ 
of F such that x G f/ , (/^)(x ) = to an d ^f\u = dfp. Then, using the above description 
of the leaf F and the results in 0|, we deduce that F is diffeomorphic to the connected 
component of {f F )\ X0 ] in E. In other words, F is diffeomorphic to a Galois covering of F 
associated with oj f . \qed\ 



4 £^ 1 (M)-Dirac structures, submanifolds of the base 
space and the leaves of the characteristic foliation 

4.1 £' 1 (M)-Dirac structures and submanifolds of the base space 

In this Section, we will prove that if S is a submanifold of M then, under certain regularity 
conditions, a £ 1 (M)-Dirac structure induces a £^ 1 (S')-Dirac structure. This result will be 
used in Section |4^ . 

Let L be a vector sub-bundle of £ 1 (M) which is maximally isotropic under the symmetric 
pairing < , > + and S be a submanifold of M. If x is a point of S, we may define the 
vector space (L s ) x by 

L x n ((T a g xR)8 (T;M x R)) 

1 s)x l x n ({0} © ((7^)° x {o})) ' 1 • J 
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where (T X S)° is the annihilator of T X S, that is, (T X S)° = {a G T*M / ot\ TxS = 0}. We 
have that the linear map (L s ) x -> (T^S* xRjffi (T^S* x R) given by 

[(«, A) + (a, //)] i (u, A) + (a| T(BS , //), (4.2) 

is a monomorphism and thus (Lg) x can be identified with a subspace of (T^S* x R) © 
(T*S x R). Moreover, using the results of Section 1.4 in 0, we deduce that (£5)3 is 
a maximally isotropic subspace of (T X S x R) © (T*S x R) under the symmetric pairing 
< , >+. In particular, this implies that dim (L s ) x = dim S + 1, for all x G S. In addition, 
we may prove the following proposition. 



Proposition 4.1 Let L be a S 1 (M)-Dirac structure and S be a submanifold of M. If the 
dimension of L x n((T x SxM.)®(T*MxM.)) keeps constant for all x G S (or, equivalently, the 
dimension of L x r)({0}(&((T x S) x {0})) keeps constant for allx G S) then Ls = \J x es(Ls)x 
is a vector sub-bundle of S 1 (S) and, furthermore, Ls is a S 1 (S)-Dirac structure. 



Proof: It is clear that Ls is a maximally isotropic vector sub-bundle of ^ 1 (5') under the 
symmetric pairing < , > + . 

Now, we consider the vector bundle Ls over S such that the fiber (Lg) x of Ls over x G S 
is given by 

{L s ) x = L x n {{T X S x R) © {T*M x R)). 

Denote by is '■ Ls — > L the inclusion map, by tts '■ Ls — > Ls the canonical projection 
and by Tl (respectively, Tl s ) the section of A 3 L* (respectively, A 3 L* S ) associated with 
the isotropic vector sub-bundle L (respectively, Ls). The map is (respectively, its) is 
a monomorphism (respectively, epimorphism) of vector bundles. Furthermore, if = 
(X{, fi) + («i, gi) G r(Lg), with i G {1, 2, 3}, then, from (|2.6| ) and Proposition pT2| , we get 
that 

( 7r 5 r Ls)( e i ) e 2,e 3 ) = 2 E (^[xx^as + ^^i^) -* 2 (/i)) 

Cycl.(ei,e2,e3) 

+X 3 (i X2 ai + / 2 5-i) + h(ix 2 ai + f29i)) 
= (i* s T L )(e u e 2 ,e 3 ) = 0. 

Therefore, tt s Tl s = and, since is an epimorphism of vector bundles, we conclude 
that T Ls = 0. This implies that L s is a ^ 1 (S')-Dirac structure. \qed\ 



4.2 The induced structure on the leaves of the characteristic 
foliation of a £' 1 (M)-Dirac structure 

Let L be a £ 1 (M)-Dirac structure. Denote by (L, [, ] l ,Pl) the associated Lie algebroid 
and by <f) L G T(L*) the 1-cocycle defined by (pT9|) . 
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We consider the bundle map (pl, 4>l) '■ L —> TM x R given by 

{pL,(j)L){e x ) = (p L (e x ),(j)L(x)(e x )), (4.3) 

for e x G L x and x G M. Then, we may define the 2-form ^ l{%) on the vector space 
(PlAl)(L x ) by 

^l(x)(( Pl , 0L)((e 1 ) :E ), (p L , (j) L )((e 2 ) x )) =< {e x ) x , (e 2 ) x > , (4.4) 

for (ei) x , (e 2 ) x G L x , < , >_ being the natural skew-symmetric pairing on {T X M x R) ffi 
{T*M xl). Since L is a isotropic vector sub-bundle of S 1 (M) under the symmetric pairing 
< , >+, we deduce that the 2-form ^l{x) is well defined. Note that if ei,e 2 G T(L) then 
one may consider the function ^ l((pl, 4>L)(ei), (pl, 4>L)(e 2 )) G C°°(M, R) given by 

Vl((pl, (f>L)(e x ), (p L , (f> L )(e 2 ))(x) = ^ L (x)((p L , 4> L )({e x ) x ), (p L , <f) L )((e 2 ) x )), for all x G M. 

In fact, if Ci = (X iy fa) + (at, gi), with j G {1, 2}, we have that 

* L ((X X , /i), (X 2 , / 2 )) = ^ 2 «x + / 29l . (4.5) 

Now, let Tl be the characteristic foliation of the £ 1 (M)-Dirac structure L and F be 
a leaf of Tl- If x is a point of F, we will denote by (Lp) x the vector subspace of 



{T X F x R) © (T*F x R) given by (see Section |0 



, v l x n ((t b f x R) © (t;m x R)) 

1 Fjx n ({0} © ((T X F)° x {0})) • 

Then, we will prove that Lp = \J x€F (Lp) x defines a £ 1 (F)-Dirac structure and we will 
describe the nature of L F . 



Theorem 4.2 Let L be a S 1 (M)-Dirac structure and F be the leaf of the characteristic 
foliation Tl passing through x G M. Then, Lp = \J x&F (Lp) x defines a £ 1 (F)-Dirac 
structure and we have two possibilities: 

i) If her (pl\l xo ) 2< <Pl{xo) >° , the S 1 (F)-Dirac structure L F comes from a precontact 
structure rj F on F, that is, Lp = L rjF . In this case, F is said to be a precontact leaf. 

ii) If ker (pl\l xq ) Q< 0l(^o) >° , the £ l (F)-Dirac structure Lp comes from a locally 
conformal presymplectic structure (Qp,Up) on F, that is, Lp = L(q FjU!f ). In this 
case, F is said to be a locally conformal presymplectic leaf. 

Proof: From the definition of Tl, it follows that 

(L F ) X = L x n ((T X F x R) © (T*M x R)) = L x , for all x G F. 
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Thus, since L is a maximally isotropic vector sub-bundle of S 1 (M) under the symmetric 
pairing < , > + , we obtain that dim(L F ) x = dimM + 1, for all x G F. Therefore, using 
Proposition |4.1| , we deduce that Lp defines a £ 1 (F)-Dirac structure. 



Next, we will distinguish the two cases: 

i) Assume that ker (pl\l ) ^< 0l(^o) >°- Then, from Theorem |3.2| , we have that 
ker (pl\l x ) 0l(^) >°, for all x G F. This implies that the map (pl,4>l)\l x '■ L x — > 
T X F x R is a linear epimorphism, for all x G F (see (|4.3| )). Consequently, the restriction 
of ^ l to F defines a section of the vector bundle A 2 (T*F xM) -> F, i.e., a pair ($ F , r/p) G 
fl 2 (F) x ^(F). The relation between ^ L and (<3>f,77f) is given by 

*zO)((iii, Ai), (« 2 , A 2 )) = u 2 ) + Ai r] F (x)(u 2 ) - A 2 r/ F (x)(ui), (4.6) 

for all x G F and («i, Ai), (w 2 , A 2 ) G T^F x R. 



Now, suppose that (u, A) + (a, p) G (Ff)* = L x , with x G F. From (|27T|) , ( gg[ ) and (p~6[), 
it follows that 

(z u $jr(x) + A 77^(2;)) (u) + u(-f] F (x)(u)) = a(v) + up, 

for all (v, v) G T^F x R, that is, c^f — K§f(x) + ^Vf(%) an d /x = — r] F (x)(u). In other 
words, if we consider (L F ) X to be a subspace of (T X F x R) © (T*F x R), we have that 

{L F ) X C { (it, A) + (^$f(x) + At7f(z), -^/f(x)H) / («, A) G T,F x R)}. 

But, since dim (L F ) X = dimF + 1, we deduce that 

(L F ) X = {(u, A) + (i u $ F (x) + Ar/ F (x), -r/ F (x)(«)) / (u, A) G T^F x R)}. 

Thus, 

F(L F ) = {(X, /) + (z x $ F + / ?7f, -^x^f) / (X, /) G X(F) x C°°(F, R)}. (4.7) 

Finally, using (|4.7|) and the fact that L F is a £ 1 (F)-Dirac structure, we conclude that (see 
Section pT3| , Example 3), 

$ F = c^f (4.8) 

and L F = L VF . 



ii) Assume that ker (pl\l xq ) Q< 0l(^o) >°- Then, from Theorem 3.2 , we obtain that 
ker (pl\l x ) ^< 0l(z) >°, for all x G F. This implies that the map 

fx = Pri\( PL ,<p L )(L x ) ■ {plAl){L x ) -> Pl(FJ = F,F 

is a linear isomorphism, for all x G F, where pri : T X F x R — > T^F is the projection onto 
the first factor. 
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Therefore, induces a 2-form Q F on F which is characterized by the condition 



fiF(ar)(p L ((e 1 ) !8 ),p i ((e 2 ) !B )) = ^((ei),), (pz, foX^)*)), (4.9) 

for x G F and (ei) x , (e 2 ) x e L x . 



Moreover, since S F = F, Theorem |3.2| allows us to introduce the closed 1-form tu F on F 
characterized by (|3.5|). 

Now, suppose that (u, A) + G (I/f)ie = L x , with x E F. From fl2.1|) , ( |2.9| ), ( |3.5| ), 

(Op and (|4.9|), it follows that A = — lu f (x)(u) and that a\r x F = i w f|zr(x) + fiuJ F (x). In 
other words, if we consider (L F ) X to be a subspace of (T X F xR)(B (T*.F X K-) then, since 
rfim (Lp) x — dimF + 1, we deduce that 



(^f). = {(w, -Wi?(a:)(u)) + (i u tt F (x) + fiu F (x), fi) / (u, fi) G T X F x 
Thus, 

r(L F ) = {(X, -oup(X)) + (i x n F + f u F , f) I (X, /) G X(F) x R)}. (4.10) 



Finally, using that lj f is closed, (|4.10|) and the fact that L F is a £^ 1 (F)-Dirac structure, 



we conclude that the pair (Q F ,u F ) is a I.e. p. structure on F (see Section |2~3| , Example 
2) and that L F = L ( Q Fja;F ). \qed\ 

Examples 4.3 1.- Dirac structures 

Let L C TM © T*M be a Dirac structure on M and L be the £ 1 (M)-Dirac structure 
associated with L (see (|2.10|) ). We know that the characteristic foliations J~i and JF L 
associated with L and L, respectively, coincide (see Section |2]3|, Example 1). Thus, if 
F is a leaf of JF^ then, using Theorem ^4.2| and the fact that the 1-cocycle 4>l identically 
vanishes, it follows that F carries an induced I.e. p. structure (Q F ,u F ). Moreover, from 
the definition of uj f (see (|3.5| )), we obtain that u F = 0, that is, Q F is a presymplectic form 
on F. Therefore, we deduce a well-known result (see |2[]): the leaves of the characteristic 
foliation are presymplectic manifolds. 

2. - Locally conformal presymplectic structures 

Let (fl, u) be a I.e. p. structure on a manifold M and L(q,uj) be the corresponding 
£^ 1 (M)-Dirac structure (see ( |2.13|) ). It is clear that J~L, nui) {x) = T X M, for all x G M, 
and thus there is only one leaf of the foliation Tl^ ^ , namely, M. Besides, since 
ker (pLr Q w )[(Z(n U ))<«) — < >0 ' ^ or ^ x E M (see Section p3| , Example 2), M 

carries an induced I.e. p. structure which is just 

3. - Precontact structures 

Let rj be a precontact structure on a manifold M and denote by L v the correspon- 
ding £ 1 (M)-Dirac structure (see ( |2.15| )). As in the case of a I.e. p. structure, there is 



only one leaf of the characteristic foliation JF L) : the manifold M. In addition, since 
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ker (pL v \(Lr,) x ) 2< 4>l v {x) >°? f° r all x G M (see Section [Q| , Example 3), M carries an 
induced precontact structure. Such a structure is defined by the 1-form r\. 

4.- Jacobi structures 

Suppose that (A, E) is a Jacobi structure on a manifold M and let L^,e) be the co- 
rresponding ^ 1 (M)-Dirac structure. We know that the characteristic foliation Tl^ ke) of 
L(a,e) is just the characteristic foliation associated with the Jacobi structure (A, E) (see 
Section [2~3"1 , Example 4). Moreover, using that the Lie algebroid (L(a,.e), [, ]l, ae jPL(ae)) 
can be identified with the Lie algebroid (T*M xR, [, ](a,_e), #(a,b)) and that, under this 
identification, the 1-cocycle <Pl (AE) is the pair (— E,0), we obtain that if Xq is a point of 
M then 

fcer (pL (AiE) |(L (A , B) ), ) C< L(A , B) (x o ) >° <=► £(x ) G #a(T; q M). (4.11) 

Thus, if F is the leaf of Tl {KE) passing through xo G M and E(xq) G #a(T£ q M), from 
( [4.11]) and Theorem [4.2| , it follows that F carries an induced I.e. p. structure (Qp,up). In 
fact, using (O), (O), (O) and (O), we have that 



tt F {y){#A{aii), #a(« 2 )) = tti(#A(«2)), w F {y){# K {on)) = a 1 {E(y)), 

for all y G -F and ai,a2 G T*M. Therefore, the pair (— Qp,up) is the locally conformal 
symplectic structure on F induced by the Jacobi structure (A,E). 

On the other hand, if F is the leaf of J-l(a,e) passing through x G M and E(x ) G" 
#a(T* o M) then, from ( [4.11 ) and Theorem O, we obtain that the £ 1 (F)-Dirac structure 



comes from a precontact structure r\p on F . In addition, -E^y) G" #\(T*M) and T y F = 
# A (T y *M)© < £7(y) >, for all y E F. Moreover, using (Q, (|lp and (|1|), we get that 

VF (y)(# A (a) + \E(y)) = -\, 

for all y G F, a G T^M and A G i. Consequently, — rjp is the contact structure on F 
induced by the Jacobi structure (A,E). 

In conclusion, we deduce a well-known result (see || [T5|]): the leaves of the characteristic 
foliation of a Jacobi manifold are contact or locally conformal symplectic manifolds. 

5.- Homogeneous Poisson structures 

Let (M, IT, Z) be a homogeneous Poisson manifold and £(n,z) be the corresponding £ 1 (M)- 
Dirac structure (see ( |2.17|) ). Using that the Lie algebroid (L(n,z),[, ]l (u , Pi (n z) ) c& n 



be identified with the Lie algebroid (T*M xR,[, ](n,z), #(n,z)) and that, under this 
identification, the 1-cocycle 0L (nz) is the pair (0,1) (see Section p73| , Example 5), we 
obtain that if xo is a point of M then 

ker K n , z) |(L (n , z)) J C< L(n , z) (x o ) >° <=► Z(x ) £ #n(T; o M). (4.12) 

Thus, if Xo is a point of M and F is the leaf of the characteristic foliation J-"l, u z) passing 
through xq, we will distinguish two cases: 
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a) Z(x ) G #n(r x * o M). In such a case, from (gig) , ( gig) and Theorem p[ it follows 
that T y F = f i(nz) (i/) = ^(y), for all y & F, where JF n is the symplectic foliation of 
the Poisson manifold (M, II). Therefore, F is the leaf of Fn passing through xq. In 
addition, using Theorem |4~2] , we deduce that the induced £ 1 (F)-Dirac structure comes 
from a precontact structure r\ F on F. Moreover, from (|2.1|), fl4.4|), ( |4.(j| ) and Q4.8|), we have 
that 

^(y)(#n(«i)) = -ai(2"(y)), dryjr(y)(# n (ai), #n(a 2 )) = ai(# n («2)), 

for all y G F and ai,a 2 G T*M. This implies that cir/i? is, up to sign, the symplectic 
2-form of F. 

b) Z(x ) £ # n (T; o M). In such a case, from (plU|) and ( ^T2|) , we get that T y F = 
J~L, nZ ){y) = J~n{y)® < Z{y) >, for all y G F. Consequently, the dimension of F is 
odd and the leaf Fn of the foliation Fn passing through xq is a submanifold of F of 
codimension one. Furthermore, the induced £' 1 (F)-Dirac structure comes from a I.e. p. 
structure (Q F ,u F ) on F and, using ( [2~1~D , ( p3|) , ([O]) and (^9|) , it follows that 

n F (y)(# u ( ai ) + X l Z(y), # n (a 2 ) + A 2 Z(y)) = ai(# n (a 2 )), 
^(2/)(# n (ai) + A 1 Z(y)) = A 1 , 

for all y & F, ai,a2 & T*M and Ai,A 2 € R. Note that if i : Fn — * F is the canonical 
inclusion, we deduce that i*uo F = and that — i*Q F is the symplectic 2-form on Fq. Thus, 
if the dimension of F is 2n + 1, we obtain that lu f A £l F = u F A fi F A AQ F is a volume 
form on F. 



5 Dirac structure associated with a ^ 1 (M)-Dirac struc- 
ture and characteristic foliations 

Let M be a differentiable manifold and L be a vector sub-bundle of £ X {M). 

We consider the vector sub-bundle L of T(M x R) ©T*(M x R) such that the fiber L^ t ) 
of L over (x, t) G M x R is given by 

d 

L {x , t ) = {(«+ A— ) +e*(a + /xdt| t ) / (u, A) + (a,//) G L x }, (5.1) 

where L x is the fiber of L over x. Note that the linear map ip( x ,t) '■ L x — > L( x j) given by 

d 

i[) {X; t)((u,X) + (a,n)) = (u + X—) + e'(a + /idt\ t ), (5.2) 

is an isomorphism of vector spaces, for all (x, t) G M x R. Using this fact, ( |2.3| ) and 
( |2.11| ), we deduce the following result. 
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Proposition 5.1 L is a S 1 (M)-Dirac structure if and only if L is a Dirac structure on 
Mxl. 

Now, suppose that L is a £^ 1 (M)-Dirac structure and denote by (L, [ , ] L , p L ) the associated 
Lie algebroid and by 4>l the 1-cocycle of (L, [ , ] l ,Pl) given by (|2.9|). Then, we may 
consider the Lie algebroid structure ([, ] I f >L ,pt L ) defined by ( |3.1| ) on the vector bundle 
L = L x E -»• M x R. 

On the other hand, let L be the Dirac structure onMxK associated with L, (L, [ , ]p, pi) 
be the corresponding Lie algebroid over M x R and JF^ be the characteristic foliation of 
L (see Section |2~3|, Example 1). 

It is clear that the linear maps ip( x ,t) , (x,t) € M x. R, induce an isomorphism of vector 
bundles ip between L and L. Moreover, we have 

Lemma 5.2 The map if) is an isomorphism of Lie algebroids over the identity, that is, 

PS&)) = Pt(ei), #[ei,e*]? L = 0(ei), 4>&)]l (5.3) 

for ei,e2 G r(Z). Thus, the characteristic foliation of the Dirac structure L coincides 
with the Lie algebroid foliation T^. 



Proof: Using Q), 0, 0, (|2~TT| ), (fTT^), Q and (0), we deduce that Q hold. 



In addition, from (|5lf ), it follows that Ti(x,t) = Ti(x,t), for all (x, t) G M x R. |Qg£>| 

Now, assume that F is a leaf of the foliation Ti = Ti- Then, we know that F is a 
presymplectic manifold with presymplectic 2-form Qp characterized by the condition 

^(ar,*)(/5£((e 1 )( a . it )) > p £ ((e 2 )( x ,t))) =< (ei) (sM) , (e 2 )( s , t ) >_, (5.4) 

for all (x,t) G M x R and (ei)^), (^Wt) G i( X) t), where <, >_ is the natural skew- 
symmetric pairing on T (Xjt) (M x R) © T* X ^(M x R) (see |j and Examples fL3|). 

Next, we will discuss the relation between the leaves of Ti and the leaves of the charac- 
teristic foliation Tl associated with L. In addition, we will describe the relation between 
the induced structures on them. 

Theorem 5.3 Let L be a S 1 (M)-Dirac structure and L be the Dirac structure on M x R 
associated with L. Suppose that (xo,to) G M x R and that F and F are the leaves of 
and Ti passing through x and (x ,t ), respectively. Then: 

i) If F is a precontact leaf we have that F = F x R. Moreover, if rjp is the precontact 
structure on F, 

tip = e*((7n|p)*(^ F ) + dtA(7r 1] p)*(r] F )), 
where Trn^ : F — > F is the restriction to F of the canonical projection -K\ : M x R — > M. 
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ii) If F is a I.e. p. leaf and (£lp,up) is the I.e. p. structure on F then 7Ti(F) = F, 
7Txi_p : F —>■ F is a covering map and F is diffeomorphic to a Galois covering of F 
associated with up. Furthermore, if i F : F — > M x R is the canonical inclusion and 
a G C°°(F,R) is the function given by a = — (i F )*(t), we have that 

da = {-Kx\pY{uf), {l F = e- a (n llF y(n F ). 

Proof: i) Since F is a precontact leaf, it follows that ker (pl\l xq ) !2< <I>l{ x o) >° ( see 
Theorem |4.2|). Thus, from Theorem |3.3| and Lemma |5.2|, we deduce that F = F x R. 



On the other hand, if (x,t) G F, (e^,*) G L^, i G {1,2}, and (ei)(a;,t) = (m + AiJ^) + 
e t (a i + Hidt\ t ), with (« is \) + G L x then, using flPD , fl46|) , fl4| ) and (gj ), we get 

n#(aJ,*)(/5£((ei)(a. >t )),p^((^)( x> t))) = |e*(ai(u 2 ) + A 2 //i - a 2 («i) - /i 2 A a ) 

; (Vi|f)*(^f) + dt A (7ri^)*(^))(x,0(Pl((ei)(a ; ,i)),Pi((e 2 )(^))). 



This implies that Q F = e t ({'Ki^ F )*{dr] F ) + dt A (ti"i| j p)*(^f) N 
m] If F is a I.e. p. leaf then ker (pl\l xq ) ^< 0l(^o) >° (see Theorem fL2| ). Therefore, 



from Theorem |3.3| and Lemma |5.2| , we obtain that tti(F) = F, that ni< F : F — > F is a 
covering map, that F is diffeomorphic to a Galois covering of F associated with ujp and 
that da = (tti^ f )*(ujf). 

Finally, if (x,t) G F, (e,-)(a:,t) G F^t), z G {1,2}, and (ei)( a ,t) = («i + X^) + e t (a i + p i dt\ t ), 
with Ai) + (ttj, /ii) G then, using ( |L4|) , ( |4.9| ), ( |5.4| ) and the definition of a, we deduce 



n F (x,t)(p L ((e 1 ) {X)t) ) } pl((e 2 )( x ,t))) = 2 e *( a i( M 2) + A 2 /ii - a 2 (u 1 ) - p 2 Xi) 

= (e^(7ri|^)*(^))(x,0(Pi((ei)( CC)t) ),p i ((e 2 ) M) )). 

This implies that Qp = e~ a (ni^ F )*(Q F ). \qed\ 
Examples 5.4 1.- Dirac structures 

Let L be a £ 1 (M)-Dirac structure which comes from a Dirac structure on M and L be 
the associated Dirac structure on M x R. If x is a point of M and F is the leaf of the 
characteristic foliation Tl passing through xq, then F is a presymplectic manifold with 



presymplectic 2-form Qp (see Examples |4.3|) . Moreover, since Fl(x) = J~i(x, t), for all 



(x,t) G M x R, we deduce that the leaf F of F^ passing through (xo,t ) G M x R is 



F = F x {to}- In addition, from Theorem 5^, it follows that Q F = e to Vtp. 
2 - Precontact structures 

Let 7] be a precontact structure on a manifold M and be the associated £ (M)-Dirac 
structure. Then, the characteristic foliation Fl has a unique leaf, the manifold M (see 



Examples |4.3|) . Furthermore, if is the Dirac structure on M x R associated with L^, 



we obtain that L n is the graph of the presymplectic 2-form Q on M x R given by 

Q = e*((7T 1 )*(^) +dt A (7Ti)*7/). 
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In other words, 



T(L V ) = {I + ^fl/Ie X(M x R)} C X(M xR)® 9}{M x 



On the other hand, using Theorem |5.3| , we deduce a well-known result (see the 
characteristic foliation of L v also has a unique leaf F (the manifold MxK) and the 
presymplectic 2-form Qp on F is just Q. 

3.- Jacobi structures 

Suppose that (A, E) is a Jacobi structure on a manifold M. Then, it is well-known that 
the 2- vector A on M x R given by A = e~'(A + A E) defines a Poisson structure on 
M x R (see [|TS[]). Thus, one may consider the Dirac structure on M x R associated 
with A (see 0). In fact, we have that 

r(Z A ) = {#a(«) + s/5en 1 (Mxi)}. 

Moreover, if L^e) is the £ 1 (M)-Dirac structure induced by the Jacobi structure (A,E), 
it is easy to prove that the Dirac structure L^,e) on M x R associated with L(\,E) is 
isomorphic to L^. Therefore, using Theorem 5J3 (see also Examples 4.3), we directly 



deduce the results of Guedira-Lichnerowicz (see Section III. 16 in |§) about the relation 
between the leaves of the characteristic foliation of the Jacobi manifold (M, A, E) and the 
leaves of the symplectic foliation of the Poisson manifold (M x R, A). 
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